Temperature-Dependent Band Structure of SrTiO$_3$ Interfaces by Raslan, Amany et al.
Temperature-Dependent Band Structure of SrTiO3 Interfaces
Amany Raslan, Patrick Lafleur, and W. A. Atkinson∗
Department of Physics and Astronomy, Trent University, Peterborough Ontario, Canada, K9J 7B8
(Dated: January 25, 2017)
We build a theoretical model for the electronic properties of the two-dimensional (2D) electron gas
that forms at the interface between insulating SrTiO3 and a number of polar cap layers, including
LaTiO3, LaAlO3, and GdTiO3. The model treats conduction electrons within a tight-binding
approximation, and the dielectric polarization via a Landau-Devonshire free energy that incorporates
strontium titanate’s strongly nonlinear, nonlocal, and temperature-dependent dielectric response.
The self-consistent band structure comprises a mix of quantum 2D states that are tightly bound to
the interface, and quasi-three-dimensional (3D) states that extend hundreds of unit cells into the
SrTiO3 substrate. We find that there is a substantial shift of electrons away from the interface into
the 3D tails as temperature is lowered from 300 K to 10 K. This shift is least important at high
electron densities (∼ 1014 cm−2), but becomes substantial at low densities; for example, the total
electron density within 4 nm of the interface changes by a factor of two for 2D electron densities
∼ 1013 cm−2. We speculate that the quasi-3D tails form the low-density high-mobility component
of the interfacial electron gas that is widely inferred from magnetoresistance measurements.
I. INTRODUCTION
At present, there is widespread interest in interfaces
and heterostructures between SrTiO3 (STO) and po-
lar perovksite materials such as LaAlO3 (LAO). Tran-
sition metal oxides are characterized by strong local in-
teractions that often lead to novel magnetic, supercon-
ducting, or orbital-ordered phases that may be tailored
by interface engineering.1 The specific interest in STO
was sparked by the observation of a two-dimensional
electron gas (2DEG) at a LaTiO3/STO interface,
2 and
by subsequent observations3–8 that these 2DEGs exhibit
ferromagnetism and superconductivity. The ability to
tune LAO/STO interfaces through metal-insulator and
superconductor-insulator transitions by application of a
gate voltage9–12 has raised questions about the role of
quantum criticality13 and the origins of superconductiv-
ity at low electron density.14–16
The 2DEGs reside primarily in the STO and extend
very little into the cap layer,17–19 and consequently the
basic elements of the electronic structure are similar for a
variety of cap layer materials,20–23 and even for bare STO
surfaces.24–26 Band structure calculations for LAO/STO
interfaces17–19 predict that the majority of the conduct-
ing electrons reside in the TiO2 planes adjacent to the
interface, and occupy bands with dxy symmetry, while
occupied bands with dxz and dyz symmetry extend far-
ther into STO. Because of the differences in their spatial
extent, the dxy bands at the interface should be much
more strongly affected by interfacial roughening than the
dxz/dyz bands,
17 and indeed Hall measurements have
been interpreted in terms of a two-component system
with two distinct mobilities.27–31
A key feature of STO interfaces is that STO has an
extremely high dielectric permittivity ( ∼ 1040, with 0
the permittivity of free space) at low temperatures and
weak electric fields, which strongly influences the profile
of the charge density near the interface. Importantly, 
is a strong function of temperature and electric field,32,33
so that the charge density profile can change dramati-
cally with both temperature T and gate voltage. To un-
derstand this, several calculations34–40 have been made
based on tight-binding or continuum models that build in
relevant properties of the dielectric function. These phe-
nomenological approaches have tended to focus on the
nonlinear response of  to the electric field as a way to
understand the doping-dependence of the charge profile
near the interface, and most ignore the nonlocal dielec-
tric response that is inferred from the strong phonon dis-
persion at small wavevectors.41 One notable exception is
Ref. 36, which treats the lattice polarization P(r) within
a Landau-Devonshire approximation that inherently in-
cludes nonlocal and nonlinear effects. Ref. 36 focused
on the doping dependence of the band structure at fixed
temperature. Here, we extend their model to perform
a systematic study of the temperature-dependent band
structure of a generic STO interface.
As with previous work,34–38 we find that the 2DEG at
the STO interface can be divided into a quantum two-
dimensional (2D) region that extends approximately 10
STO layers in from the interface, and a quasi-three di-
mensional (3D) region that extends deep into the STO.
The 2D quantum region is dominated by a band with
dxy character that is weakly temperature-dependent at
typical doping levels. In contrast, the lowest energy
dxz/yz bands extend much farther into the STO film, and
are strongly temperature-dependent. As a consequence,
there is a substantial shift of charge away from the inter-
face as temperature is lowered from 300 K to 10 K. We
show that this leads to large differences in the photoe-
mission spectra at low and high temperatures.
The model employs a tight-binding approximation for
the electrons, in which interactions are treated within a
self-consistent field approximation. The electrons couple
to the polarization charge density −∇ ·P, where the po-
larization P is calcuated from a Landau-Devonshire en-
ergy that depends explicitly on temperature and electric
field. The model is agnostic about the doping mecha-
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2nism, and simply assumes a confining potential at the
interface due to a uniform external 2D charge density
as one would expect from an electronic reconstruction,42
from oxygen vacancies at the LAO surface,43 or from ap-
plication of a gate voltage. Alternative doping mech-
anisms such as O vacancies that accumulate at the
interface43,44 are beyond the scope of this work. Despite
its complexity, this model neglects certain complicating
aspects of the STO band structure that are not expected
to change the broad trends identified in our calculations.
Notably, we ignore spin-orbit coupling, which mixes the
different t2g orbitals and breaks the 3-fold t2g band de-
generacy at the Γ point.36,45–47 By so doing, we are able
to study systems of up to 200 layers with a 2D grid of
200 × 200 k-points; however, this means that some de-
tails of the band structure, especially at low charge densi-
ties, will be inaccurate.36 We have also ignored the renor-
malization of the band masses by electron-phonon48 and
electron-electron interactions,49 and the effects of antifer-
rodistortive rotations of the unit cell below temperatures
of 105 K.50,51 While these will affect our results quantita-
tively, the qualitative aspects of the calculations should
be robust.
We describe the model in Sec. II, and results of the
calculations are given in Sec. III. First, the temperature-
dependence of the charge distribution is described in
Sec. III A for low, intermediate, and high electron
densities (relative to typical experimental densities).
These results are then discussed in the context of the
temperature- and doping-dependent band structure in
Sec. III B. One direct experimental measure of the band
structre is angle-resolved photoemission (ARPES), and
in Sec. III C we focus on the implications of our calcu-
lations for ARPES. We finish in Sec. III D with a brief
examination of a particular aspect of our model, namely
the role of nonlocal response in the dielectric function,
which is shown to qualitatively affect the charge distri-
bution near the interface at low temperatures. Finally, in
Sec. IV we propose that 3D tail states, which are ubiqui-
tous in our calculations, form the high-mobility compo-
nent of the electron gas that is widely observed in mag-
netotransport experiments.
II. METHOD
Our interface model has two distinct pieces: a self-
consistent tight-binding description of the electronic
bands and a Landau-Devonshire description of the polar-
ization. We begin with an overview of the model before
discussing the two pieces in detail. Figure 1 shows the
model’s structure. We consider a thick film of N STO
layers stacked in the [001] direction beneath an insulat-
ing cap layer. In the figure, the cap is taken to be LAO,
but our model only requires that it has a sufficiently wide
band gap that it can be ignored. We assume that some
combination of O-vacancy formation on the surface AlO2
layer, electronic reconstruction, and application of a gate
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FIG. 1. (Color online) Sketch of a model STO/LAO inter-
face. N unit cells of STO are stacked below an insulating
LAO film in alternating TiO2 and SrO layers in the [001]
direction. Electronic reconstruction, gating, and surface O
vacancies transfer charge from the top AlO2 layer to the in-
terface, leaving a residual 2D charge density σs on the AlO2
surface that attracts STO conduction electrons to the inter-
face. The model is discretized along the z direction, and
assumes that the conducting TiO2 layers are separated by
blocks of dielectric; the polarization Piz and electric field Eiz
are therefore defined in the regions between the TiO2 layers.
The conduction electrons in layer iz have 2D charge density
σfiz , while the bound charge density due to the polarization is
σbiz = Piz −Piz+1. We assume translational invariance in the
planes, so the polarization, field, and electron density depend
only on the layer index iz. An extra fictitious dielectric layer
(iz = N + 1) is added to facilitate handling the boundary
condition PN+1 = 0 at the bottom of the STO substrate.
voltage transfers electrons to the STO interface, leaving
a residual positive charge σs (indicated by “+” signs) on
the AlO2 surface. This residual charge creates an electric
field that confines the STO conduction electrons to the
interface.
The model is discretized along the z direction (perpen-
dicular to the interface). We treat the STO as a set of
conducting TiO2 planes separated by layers of dielectric.
As shown in Fig. 1, the polarization and electric field are
defined in the dielectric layers, while the charge density is
confined to the 2D TiO2 planes. While the discretization
process clearly limits the usefulness of the model at sub-
unit cell length scales, it does nonetheless capture longer
wavelength physics.
We assume that we have translational invariance in the
planar directions, so that the polarization, electric field,
and charge density depend only on the layer index iz.
Then, by symmetry, the polarization and electric field
vectors P and E must point in the z direction. The 2D
charge density in the izth TiO2 plane has two contribu-
tions: a free charge density σfiz due to the conduction
electrons and a bound charge density σbiz = Piz − Piz+1
3due to the polarization gradients.
We require boundary conditions for both the electric
field and the polarization. In the layered geometry, and
for a fixed σs, the electric field in the STO is independent
of the dielectric permittivity of the cap layer. For sim-
plicity, then, we take the polarization to be zero above
the interface (ie. P0 = 0) and the electric field above the
first STO layer is therefore (by Gauss’ law) E0 = σ
s/0.
At large z, we expect the electric field and the polariza-
tion to be screened by the free charge density: to handle
this, the electric field in the Nth STO layer is zero (ie.
EN = 0), and we add a fictitious (N+1)th layer in which
σfN+1 = PN+1 = 0.
A. Electronic Hamiltonian
STO has a 3.3 eV band gap between filled O2p or-
bitals and empty Ti t2g orbitals. For an electron-doped
interface we therefore include only the t2g orbitals in our
model. We adopt a tight-binding Hamiltonian with three
orbitals per unit cell, having dxy, dxz, and dyz character.
We consider only hopping between nearest-neighbor Ti
atoms, and neglect matrix elements between orbitals of
different symmetry: these vanish in a cubic lattice, and
are assumed small provided the lattice distortions are
small. Spin-orbit coupling also mixes different orbital
types near band degeneracies, but as mentioned above,
we gain a strong computational advantage by ignoring
this effect. We assume we have translational invariance
with periodic boundary conditions in the x and y direc-
tions, and apply open (hard-wall) boundary conditions
in the z direction.
With these assumptions, we write the effective Hamil-
tonian for the STO conduction electrons as
Hˆeff = Hˆ0 + Vˆ
ext + Vˆ SC[σf , σb], (1)
where Hˆ0 is the tight-binding Hamiltonian for the inter-
orbital hopping, Vˆ ext is the external potential energy due
to the charge at the LAO surface, and Vˆ SC represents the
self-consistent electrostatic potential energy due to both
the free charge density σfiz and the bound charge density
σbiz at the TiO2 planes.
The tight-binding term is
Hˆ0 =
∑
iz,jz
∑
k
∑
αβσ
c†izkασtizα,jzβ(k)cjzkβσ, (2)
where cizkβσ is the annihilation operator for an electron
with spin σ in layer iz and orbital type β, k = (kx, ky)
is a 2D wavevector, and tizα,jzβ(k) is an element of the
the tight-binding matrix,
t(k) =

E(k) T . . .
T E(k)
. . .
E(k) T
T E(k)
 , (3)
Model parameters
t‖ 0.236 eV
t⊥ 0.035 eV
a 3.9 A˚
M 24 amu
Q 8.33e
ω0 2.5× 1013 s−1
ω1 1.7× 1013 s−1
α1 1.15a
α2 5a
∞ 5.50
T0 1.46× 104 K
Ts 15 K
ξ 1.45
γ 63 eV·A˚−4
TABLE I. Model parameters used in our calculations. Values
are taken from Ref. 36 except for T0, ξ, Ts, and γ, which are
obtained by fitting to the temperature- and field-dependence
of the experimental dielectric susceptibility (Appendix A).
where E(k) and T(k) are matrices in the orbital basis,
E(k) =
 ξxy(k) 0 00 ξxz(k) 0
0 0 ξyz(k)
 (4)
T =
 −t⊥ 0 00 −t‖ 0
0 0 −t‖
 , (5)
and
ξxy(k) = t2g − 2t‖(cos kxa+ cos kya),
ξxz(k) = t2g − 2t‖ cos kxa− 2t⊥ cos kya, (6)
ξyz(k) = t2g − 2t⊥ cos kxa− 2t‖ cos kya,
are planar dispersions. Here, t2g is the on-site orbital
energy (which can be set to 0), and a is the STO lattice
constant. For a given symmetry of t2g orbital there are
two distinct hopping processes between nearest-neighbor
Ti atoms: the hopping amplitude is t‖ between Ti atoms
in the same plane as the orbital (eg. the x-y plane for
dxy orbitals), while it is t
⊥ perpendicular to the plane of
the orbitals (eg. along the z direction for dxy orbitals).
Since nearest-neighbor dxy orbital wavefunctions overlap
more in the x-y plane than along the z-axis, t‖  t⊥.
Values for t‖, t⊥, and other model parameters are given
in Table I.
Assuming that the LAO surface charge is uniformly
distributed, we obtain a simple description for the po-
tential energy of an electron in the confining field,
Vˆ ext =
σse
2∞
∑
k
∑
izασ
zc†izkασcizkασ, (7)
where ∞ is the optical dielectric constant due to elec-
tronic screening, and z = iza is the distance from layer
iz to the interface.
4Under a similar assumption, the self-consistent poten-
tial energy due to both the 2DEG and the 2D bound
charge density is
Vˆ SC[σf , σb] =
e
2∞
∑
k
∑
izασ
∑
jz
[σfjz + σ
b
jz ]
×(|z′ − z| − z)c†izkασcizkασ, (8)
where z′ = jza, σ
f
jz
= −e∑β njzβ/a2 is the 2D charge
density in layer jz and njzβ is the electron occupation
number for orbitals of type β in layer jz. The charge
density is calculated self-consistently from
njzβ =
2
Nk
∑
k
∑
n
|ψjzβ,n(k)|2f(nk), (9)
where the factor of 2 is for spin, nk and ψjzβ,n(k) are the
energy eigenvalues and eigenstates of Hˆeff respectively,
and f(nk) is the Fermi-Dirac distribution function. The
bound charge density is σbjz = Pjz − Pjz+1, where the
polarization Pjz is obtained from the Landau-Devonshire
model discussed in the next section.
Because we have neglected contributions to the Hamil-
tonian that mix different orbital symmetries, each band
has a well-defined orbital character. As a consequence,
the band index n can be written in the form n˜α where
α is one of xy, xz, or yz and n˜ is an integer labeling
bands of type α (the 1xy band is the lowest-energy xy
orbital character band, etc.). Furthermore, the lack of
orbital mixing leads to a particularly simple form of the
Hamiltonian such that the eigenvectors ψjzβ,n(k) are in-
dependent of k, and the eigenvalues obtain the simple
form
n˜αk = n˜αk=0 + ξα(k)− ξα(0), (10)
where ξα(k) is given by Eq. (6). It is thus possible to de-
termine the spectrum at finite k from the energy eigen-
values at k = 0, and we therefore only need to diagonalize
the Hamiltonian once per k-sum. The resulting speed-up
allows us to study large system sizes of up to 200 layers
with 200× 200 k-points.
B. Polarization Model
The high polarizability of STO is due to the presence
of a soft transverse optical phonon mode that is associ-
ated with an incipient ferroelectric transition. The tran-
sition is suppressed by quantum fluctuations, so that the
dielectric susceptibility saturates at a characteristic tem-
perature Ts ∼ 15 K. Here, the induced polarization Pi
is defined for unit cell i = (ix, iy, iz) in terms of the
normal-mode coordinate ui and effective charge Q as-
sociated with the soft mode via
Pi =
Qui
a3
. (11)
The normal-mode coordinate represents the amplitude
of the lattice distortion, projected onto the soft optical
phonon eigenvector,52 and Q is a fitting parameter that
relates the collective coordinate to the polarization (see
Table I). As discussed above, translational symmetry in
the x-y plane ensures that ui and Pi are polarized along
the z direction, and that they are independent of ix and
iy.
The polarization is obtained by minimizing a simple
free energy that includes temperature, electric field, and
nonlocal effects. Model parameters have been set by fit-
ting to temperature- and field-dependent dielectric sus-
ceptibility measurements of Ref. 53 while the nonlocal
correlations are inferred from neutron scattering mea-
surements of the phonon dispersion.41 The fitting process
is discussed in Appendix A, and the model reproduces the
measured differential susceptibility with a maximum rel-
ative error of 16% for temperatures 0 ≤ T ≤ 70 K and
0 ≤ E ≤ 500 V/mm; the relative error is 6% at room
temperature.
The simplest quartic free energy has the form36
U
N2D
=
1
2
∑
iz,jz
uizDizjzujz −Q
∑
iz
Eizuiz +
γ
4
∑
iz
u4iz ,
(12)
where N2D is the number of 2D unit cells in the x-y
plane, Dizjz is a matrix that contains the force constants
between layers iz and jz, Eiz is the electric field, and γ
is a constant of proportionality for non-linear response.
This latter term is important only at high electron den-
sities where the electric field is very strong.
The potential energy can be then minimized by taking
the derivative with respect to ulz and setting it equal to
zero, from which we obtain the constituent equation
QElz =
∑
jz
Dlzjzujz + γu
3
lz . (13)
for ulz . Here, the electric field Elz is equal to minus the
gradient of the total electric potential, which contains
contributions from the external surface charge, the bound
polarization charge, and the free electron charge.
To obtain Dlzjz , we Fourier transform the phenomeno-
logical expression proposed in Ref. 36,
Dqz = M
[
ω20 − ω21e−(α1qz)
2/2 − ω22(T )e−(α2qz)
2/2
]
,
(14)
to model the dispersion of the ferroelectric phonon mode,
given by ωqz (T ) = [Dqz/M ]
1/2
. The parameter values for
ω0, ω1, and α1 (Table I) are taken from Ref. 36, but ω2(T )
and α2 are modified to fit the low temperature dielectric
susceptibility.
For ω2(T ), we take the phenomenological form (Ap-
pendix A)
ω22(T ) = ω
2
0 − ω21 −
Q2T ξQ
M0a3T
ξ
0
, (15)
5where TQ = Ts coth(Ts/T ) is an effective temperature
that incorporates quantum fluctuations of the ferroelec-
tric phonon mode.54 The power ξ = 1.45 is chosen to
improve the quantitative fit to experiments and the con-
stant T0 is obtained from the zero-field susceptibility
χ(T ) = (T0/TQ)
ξ. While the effective temperature re-
duces to TQ = T at high temperatures, giving a Curie-
like susceptibility, it saturates at TQ = Ts at low temper-
atures; consequently, the divergence at T = 0 is avoided
and the susceptibility saturates at χ(T → 0) = (T0/Ts)ξ.
In summary, the self-consistency cycle for σfiz and σ
b
iz
involves solving Eqs. (9) and (13) for a given electric field
to obtain the electron density and lattice polarization,
and then updating the electric field from the resulting
potential. As has been pointed out elsewhere, the self-
consistency cycle is numerically unstable36, and to ad-
dress this we have implemented Anderson mixing of the
electric potential.55 In addition, we have found that con-
vergence is most readily obtained if the initial guess for
the simulations takes the electron density to be −σs in
the 1st STO layer and zero elsewhere.
III. RESULTS
In this section, we present the results of our calcula-
tions for temperature and doping-dependent electronic
structure of the LAO/STO interfaces. Early DFT calcu-
lations established38 that the interface breaks the cubic
symmetry of the ideal STO lattice, so that a qualitative
difference emerges between dxy orbitals (which are ori-
ented parallel to the interface) and dxz/yz orbitals. The
hopping amplitude along the z axis is t⊥ for dxy orbitals
and t‖ for dxz and dyz orbitals. Since t‖ ∼ 10t⊥, this
corresponds to an effective mass along the z direction
that is 10 times larger for xy bands than for xz or yz
bands. This difference sets the energy ordering of the
bands, such that the lowest-energy band has xy symme-
try and is tightly confined to within a few unit cells of
the interface; the lowest dxz/yz bands are higher in energy
and extend farther from the interface.
In an ideal polar catastrophe model, a charge trans-
fer of 0.5 electrons per unit cell is needed to sup-
press the potential divergence in the polar cap mate-
rial. The ideal value of 0.5e/a2 has been measured for
GdTiO3/SrTiO3 interfaces,
56 and only sporadically in
LAO/STO interfaces;29,31 in most conducting interfaces
typical experimental values of the electron density mea-
sured by the Hall effect23,57 range from 1013 to 1014
e/cm2. The charge density can be further modulated
by a gate voltage, and we therefore perform calculations
for three different doping levels that cover common ex-
perimental and theoretical values of the 2D charge den-
sity: σs = 0.5e/a2 (3.3 × 1014 e/cm2), as predicted by
the polar catastrophe model; σs = 0.1e/a2 (6.5 × 1013
e/cm2), which is a typical doping found in LAO/STO
interfaces; and σs = 0.05e/a2 (3.3 × 1013 e/cm2), which
is approaching the metal insulator transition that is ob-
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FIG. 2. (Color online) Electron density n(z) per unit cell in-
side an STO slab at different temperatures and dopings. Re-
sults are for (a) σs = 0.05e/a2, (b) 0.1e/a2, and (c) 0.5e/a2
at T = 10 K and T = 300 K. The vertical dashed lines define
regions A (z ≤ 10a) and B (z > 10a), which roughly corre-
spond to the interface and tail regions. (d)-(f) The total 2D
electron density in regions A and B as a function of tempera-
ture. The figure shows the first 60 layers of an L = 200 layer
STO slab.
served at ∼ 1013 e/cm2. Several calculations have ex-
plored the doping dependence of the electronic structure
at low T ,34–38 and we observe similar trends with doping
in our low-T calculations. The main new results at this
paper refer to how the T-dependence of the electronic
structure evolves with doping.
A. Effect of temperature on the charge distribution
In this section, we examine the temperature-
dependence of the charge distribution for the three rep-
resentative cases listed above. To minimize finite-size
effects, all calculations are for an STO slab of thickness
L = 200 layers (see Appendix B). We show that there is
a pronounced shift of charge density from 2D quantum
states that are confined to within ∼ 4 nm of the inter-
face into 3D tail states that extend hundreds of unit cells
into the STO; the degree of this shift depends strongly
on doping.
Figure 2(a)-(c) shows the electron density, n(z) =∑
β nizβ (where z = iza), for 10 K and 300 K and for low
(0.05e/a2), intermediate (0.1e/a2), and high (0.5e/a2)
electron densities. As we discuss below, the charge dis-
tribution is a mix of surface states with strongly 2D char-
acter and tails with 3D character. This is particularly
evident in the low-T results in Fig. 2, which show a clear
distinction between surface and tail regions. At high T ,
the distinction blurs, and n(z) drops off rapidly in the
tail region. The crossover between surface and tail oc-
curs at z ≈ 10a (z ≈ 4 nm), and for discussion purposes
we divide the profile into region A (z ≤ 10a) and region
B (z > 10a). The charge densities nA and nB for each
6region are plotted as a function of T in Fig. 2(d)-(f).
There are two key points made by Fig. 2. The first is
that the fraction of the total electron density in region A
depends on σs. At 300 K, about 90% of the charge lies
in region A for high σs, whereas only about half of the
total charge lies in region A at low σs.
The second point is that, except at the highest dop-
ing levels, n(z) depends strongly on T : the charge den-
sity near the interface decreases as the temperature is
lowered while it increases in the tails. The contrast
between low and high charge densities is striking: nA
doubles between 300 K and 10 K for low charge den-
sity (σs = 0.05e/a2), but changes by only 10% for high
charge density (σs = 0.5e/a2). Focusing on the middle
“typical” value of σs = 0.1e/a2, we note that about 70%
of the total electron density lies in region A at 300 K, in
agreement with Ref. 34, and slightly under half remains
at 10 K.
One of the most striking features of Fig. 2 is that the
profile of n(z) near the interface is almost independent
of T at the highest charge density, but is strongly T -
dependent at the lowest charge density. This trend is
connected to the nonlinearity of the dielectric response in
strong electric fields. When σs is large, the electric fields
near the interface are large, and the nonlinear term (γu3lz )
in Eq. (13) dominates the linear term (
∑
jz
Dlzjzujz ).
Because we have taken γ to be T -independent, n(z) is
also T -independent in this region. The electric field
decreases both as one moves away from the interface,
and as one decreases σs; in both regimes, n(z) becomes
temperature-dependent because the nonlinear contribu-
tion to the dielectric response is small.
It should be noted that in the nonlinear regime, the lat-
tice polarization due to an electric field is proportional
to γ−1/3 [from Eq. (13)], so that γ must change by a
relatively large amount to have a significant effect on
the charge distribution. Indeed, γ has been measured
experimentally33 below 60 K and was found to be roughly
constant down to 30 K, and then to increase by about
50% as the system was further cooled. This corresponds
to a change of only 15% in the nonlinear dielectric screen-
ing. Unless γ changes significantly at higher T , the as-
sumption of constant γ is reasonable.
To understand better the charge deconfinement that
occurs at low temperatures, we plot the electronic poten-
tial energy (ie. the electron charge times the potential),
the electric field, and the normal mode displacement at
high and low temperatures in Fig. 3 for the intermediate
value of σs. Figure 3(a) shows that, in region A, there is
a triangular quantum well that confines electrons in 2D
quantum states near the interface at all temperatures. In
contrast, the potential in region B is strongly tempera-
ture dependent, with a crossover from a deep well at high
temperature to a nearly flat potential at 10K. This strong
T -dependence is connected to the linear dielectric func-
tion, which changes by two orders of magnitude between
300 K ( ≈ 3000) and 10 K ( ∼ 1040).
Because of the large value of , the electric field
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is strongly screened in region B at low temperature
[Fig. 3(b)]. According to Gauss’ law,
∞
∂E(z)
∂z
= −en(z)− ∂P (z)
∂z
(16)
where P (z) is the lattice polarization, E(z) is the elec-
tric field, and ∞ = 5.50 the optical dielectric constant.
Because the electric field is small in region B, we have
en(z) ≈ −∂P
∂z
, (17)
at T = 10 K. This means that the electric field generated
by the conduction electrons in region B is nearly compen-
sated by the lattice polarization. The normal coordinate
u(z) for the soft phonon mode, which is related to the po-
larization by Eq. (11), is shown in Fig. 3(c). Here, we see
that u(z) decays with z more slowly at low T than it does
at high T , consistent with enhanced dielectric screening
at low T .
For completeness, we plot the charge density for inter-
mediate doping as a function of orbital type in Fig. 4.
This figure shows that, while the interfacial dxy electron
density nxy(z) is weakly temperature dependent, nxz(z)
and nyz(z) evolve strongly with T near the interface. In
particular, the dxz and dyz bands combined account for
80% of the charge transfer out of the first 10 layers as
the temperature decreases. The different sensitivities of
nxy(z) and nxz/yz(z) to temperature follow from the dif-
ferent mass anisotropies of the three bands: both the xz
and yz bands are light along the z direction while the
xy bands are heavy; the xz and yz wavefunctions are
therefore more extended along z than the xy wavefunc-
tions. It is unsurprising that the xz and yz bands are
most affected as the confining potential weakens when T
is reduced.
In summary, we arrive at the following scenario: at
room temperature, a majority of electrons is confined to
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quantum states within ∼ 4 nm of the interface by strong
electric fields associated with the surface charge σs; how-
ever, as T is reduced, this electric field is increasingly
screened by the dielectric response of the STO, causing
a partial deconfinement of the electron gas. This decon-
finement is most pronounced at the lowest σs, where ap-
proximately half of the interfacial electron density moves
into the tail region. Despite the large fraction of electrons
in the tails, the associated electric fields are vanishingly
small because of the strong dielectric screening. We note
in passing that the structure of the tails, and in particu-
lar the connection to ferroelectric quantum criticality in
the STO substrate, is discussed in detail in Ref. 58
B. Effect of temperature on the band structure
The temperature-dependent band dispersions nk are
shown in Fig. 5 for intermediate charge density. The t2g
orbital degeneracy is broken by the interface, resulting in
multiple orbitally polarized sub-bands.17 The sub-bands
consist of light bands (black lines) with dxy orbital char-
acter, and two anisotropic bands (blue and red lines) with
dxz and dyz orbital character. At all temperatures, the
two lowest-energy sub-bands at k = 0 have dxy orbital
character, while dxz and dyz sub-bands appear at higher
energies. This structure is consistent with previous DFT
calculations35,47 and with photoemission experiments.26
Figure 5(a) shows the 1xy, 2xy, 1xz, and 1yz sub-
bands at 300 K. We note that while the electrochemical
potential µ lies below all but the 1xy band at 300 K,
the thermal energy is sufficient that all bands shown in
Fig. 5(a) have significant electron occupation. The 1xy
band has the highest occupancy, containing about 20%
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FIG. 5. (Color online) Self-consistent band structure along
k = (kx, 0). Results are for (a) 300 K, (b) 100 K, (c) 50 K,
and (d) 10 K, and σs = 0.1e/a2. The Fermi-Dirac distribution
function, f(), is shown in each panel (green line).
of the total electron density, while the first four bands
combined contain approximately half of the total charge.
Two significant changes occur as the temperature is
lowered: first, there is a significant shift of the electro-
chemical potential µ between 300 K and 100 K; second,
while the gap between the 1xy and 2xy bands evolves
very little with T , the spacing between the remaining
bands shrinks significantly.
Coincident with this change in the spectrum, there
is a shift of the occupied eigenstates towards three-
dimensionality. At 300 K, the bands shown in Fig. 5(a)
have strong 2D character, and the eigenstates are local-
ized within the first 10 STO layers. This is illustrated in
Fig. 6, which shows the projected weight |ψjzα,n|2 of the
first few sub-bands. Figure 6 shows that the 1xy band is
localized within 5 layers of the interface at all tempera-
tures, but that the 2xy and 1xz/yz bands extend twice
as far into the STO at 10 K as at 300 K. Higher bands are
affected even more by temperature, and the 10xy band
extends four times as far into the STO at 10 K as it does
at 300 K.
The distribution of charge amongst the bands is also
T -dependent. At 300 K, 57% of the charge is contained
in the first 4 bands (1xy, 2xy, 1xz/yz); at 10 K, this
charge is shared amongst the lowest 5 bands (including
3xy). Thus, charge spreads away from the interface as T
is lowered for two reasons: first, occupied bands become
less confined; and second, the density of bands increases,
such that higher bands with larger spatial extent become
occupied.
In particular, the band structure in Fig. 5(d) shows
evidence for coexisting 2D and 3D components to the
electron gas: states that are confined to the interface
region are characterized by bands that are clearly sep-
arated from each other at k = 0, while 3D states are
characterized by a dense continuum of bands. Indeed, we
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have found that the first half-dozen bands do not change
much with the STO slab thickness L, indicative of quan-
tum interface states; however, the sub-band structure at
energies & µ becomes denser as L increases, indicating
that these states extend to the back wall of the STO slab,
even for L = 200. Figure 5 thus reinforces the narrative
that there is a transfer of electrons from 2D quantum
states localized within ∼ 10 unit cells of the interface to
extended 3D tails as T is lowered.
Figure 7 compares the calculated band structures at
low and high temperature for low, intermediate, and high
doping. At all electron densities, the visible portions of
the spectra comprise a set of distinct bands with 2D char-
acter at 300 K. At 10 K, the spectra consist of a small
number of low-energy 2D bands that are clearly sepa-
rated from a 3D continuum with nk & µ. The low-
energy bands are the source of the interfacial component
of the charge density in Fig. 2. Consistent with Fig. 2,
the 2D bands at high doping [Fig. 7(c) and (f)] are nearly
independent of T .
In summary, we find that there is a discrete spectrum
of quantum 2D states that are confined to within 10 unit
cells of the interface, and a higher energy continuum of
3D states that extend hundreds of unit cells into the STO.
The principal result of this section is that the 3D states
lead to a partial deconfinement of the electrons from the
interface at low T , and that this deconfinement becomes
more pronounced as the total 2D electron density is re-
duced.
C. Spectral function
The temperature-dependent band structure can be ob-
served by ARPES, and indeed recent ARPES experi-
ments at low temperature have found features consis-
tent with the predicted band structure.23,48 ARPES is
a surface-sensitive technique that measures the projec-
tion of the spectral function onto the top STO layer; fur-
thermore, photon polarization can be used to selectively
probe different orbital symmetries. For direct compari-
son we therefore calculate Aiz,α(ω,k), the projected spec-
tral function in layer iz for orbital type α. This is given
by
Aiz,α(ω,k) =
∑
n
|ψizα,n(k)|2δ(ω − nk), (18)
where |ψizα,n(k)|2 is the weight of the nth band in layer
iz for orbital type α, and nk is the dispersion of the nth
band. The delta-function has a Lorentzian broadening of
0.01 eV, which is comparable to the energy resolution of
high-resolution ARPES experiments.
We are principally concerned with two main points
about the spectral function: the intensity of the vari-
ous features of the band structure, which is nominally
related to the weight of the different bands at the sur-
face; and the size of the apparent Fermi surfaces, which
is nominally related to the filling of each band. Because
both the band weight and band dispersion change with
temperature, as shown in Figs. 5 and 6, we expect that
the projected spectral function must also change with
temperature.
We begin with the case of intermediate electron den-
sity. Figure 8 shows the temperature-dependent spectral
function A1,α(µ,k) at the interface (iz = 1) for quasipar-
ticles at the electrochemical potential µ. The left panels
present the evolution of the projected spectral function
for the xy bands; the right panels show the corresponding
9-1
0
1
k
y
(a)
2
7
12
(b)
0.05
0.15
0.25
-1
0
1
k
y
(c)
2
6
10
(d)
0.2
0.5
0.8
-1
0
1
k
y
(e)
2
5
8
(f)
0.2
0.4
0.6
-1
0
1
-1 0 1
k
y
kx
(g)
2
5
8
-1 0 1
kx
(h)
0.2
0.4
0.6
FIG. 8. (Color online) Projected spectral function at the
interface for quasiparticle energy µ. The left panels show
A1,xy(µ,k) for xy bands at (a) 300 K, (c) 100 K, (e) 50 K,
and (g) 10 K. The right panels present the corresponding
spectral function A1,xz(µ,k). Results are for σ
s = 0.1e/a2.
spectral function for the xz bands. (The spectral func-
tions for the yz bands can be obtained by rotating the
xz image by pi/2.)
At 300 K, we observe an intense ring with xy sym-
metry, corresponding to the 1xy band [Fig. 8(a)], and a
very weak cigar-shaped feature associated with the 1xz
band [Fig. 8(b)]. The disparity between the xy and xz/yz
intensities is consistent with the fact that only the 1xy
band crosses µ at this high temperature. Indeed, the
bottom of the 1xz band is ∼ 0.035 eV above µ, and is
only observable in Fig. 8(b) because of the finite energy
resolution in Eq. (18).
At 100 K, the intensity of the 1xy band decreases
slightly, and an intense disk centered at k = 0 appears
[Fig. 8(c)]. This change in the spectral function reflects
both changes in the band structure and a shift of the
chemical potential to higher energies [c.f. Fig. 5(b) and
(c)]. At this temperature, multiple xy bands pass within
0.01 eV of the chemical potential; while the 1xy band
appears as a distinct ring, these remaining xy bands blur
together to form a disk. The 1xz band [Fig. 8(d)] con-
tinues to be an order of magnitude less intense than the
xy bands, despite the fact that the 1xz band dispersion
crosses µ at 100 K. This is because of the small weight
of the 1xz band at the interface [Fig. 6].
Below 50 K, the intensity of the 1xy ring does not
change [Fig. 8(e) and (g)], but the disk intensity increases
slightly because higher energy xy bands shift downwards
as T decreases, as shown in Figs. 5(c) and (d). At the
lowest temperatures, this disk represents the projection
of the 3D tail states onto the surface. The intensity
of the xz bands remains an order of magnitude smaller
than that of the xy bands [Fig. 8(f)]. There is very little
change to the apparent spectrum below 50 K.
Focusing on bands of xy symmetry, we note that the
apparent filling as determined from the area of the 1xy
ring is temperature-dependent, and changes by ∼ 20%
between 300 K and 100 K. This change does not reflect
a 20% change in the filling of the 1xy band however,
because of the rather large change in µ, which shifts up-
wards by almost 0.02 eV as T is lowered. Below 100 K,
the ring’s surface area does not significantly change with
temperature.
Next, the doping-dependence of the spectral function
is shown in Fig. 9. As expected, the surface area of the
bands increases with σs, in agreement with Ref. 23; how-
ever, it is the temperature-dependence of the intensity
that is most striking. The spectral function is almost in-
dependent of T at σs = 0.5e/a2, which is a direct result
of the strongly nonlinear dielectric response in the inter-
face region at high doping. In contrast, at low doping,
the intensity of the spectral function at µ is strongly T -
dependent, primarily because of the strong T -dependence
of the chemical potential.
Several groups have performed ARPES experiments on
STO interfaces at low temperatures, and the shapes and
surface areas of our calculations are in good agreement
with the measured Fermi surfaces for approximately the
same doping.23,48,59 Notably the xz (and yz) bands are
more than an order of magnitude weaker than the xy
bands in our calculations; and while the relative inten-
sities of the bands observed in ARPES depend on ma-
trix elements, the dxz/yz bands are indeed considerably
weaker than the dxy bands.
59
In summary, our calculations agree with ARPES ex-
periments at low temperatures, and we make two pre-
dictions regarding spectral function A1,α(µ,k) at high
temperatures: first that the area of the 1xy ring should
shrink as T is raised above 100 K; and second that the
intensity of the dxz/yz bands should drop dramatically
above 100 K.
D. Local and nonlocal dielectric functions
We finish Sec. III with a brief discussion of the dielec-
tric model used in this work. The dielectric response
obtained from Eq. (13) contains both nonlocal and non-
linear contributions to the polarization. The nonlinear-
ity has been discussed previously,36,39,40 and was gener-
ally found to be important only near the interface for
σs & 1014 e/cm2, consistent with our findings here. In
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FIG. 9. (Color online) Projected spectral function at low,
intermediate, and high electron densities, and at T = 10 K
and T = 300 K. Results are shown for xy bands (rows 1 and
3) and xz bands (rows 2 and 4) bands.
this section, we investigate the effects of the nonlocal di-
electric response on n(z).
We compare the charge density profile obtained from
the nonlocal matrix of force constants Dizjz , defined
previously, with the one obtained from a local matrix
D˜izjz = D˜izδiz,jz . For purposes of comparison, we choose
D˜iz such that it gives the same linear response for a
uniform electric field as Dizjz . If the electric field Elz
and normal coordinate ujz are independent of position
in Eq. (13), we obtain in the weak-field limit
QE =
∑
jz
Dizjzu
= Dkz=0u. (19)
To obtain the same result for D˜izjz , we define D˜iz =
Dkz=0.
Figure 10 shows the charge density profile at differ-
ent temperatures for local and nonlocal force constants.
At 300 K, the two give the same charge density profile
[Fig. 10(a)]. However, as the temperature is lowered,
charge moves away from the interface more rapidly for
the local case than for the nonlocal case [Fig. 10(b)-(d)].
Far from the interface, both cases yield identical results
as found in Ref. 39; this is because we defined D˜iz such
that it gives same homogeneous response as Dizjz .
The behavior shown in Fig. 10 can be understood sim-
ply. The dielectric response is connected to a soft optical
phonon mode with dispersion ωk satisfying Dk = Mω
2
k
where M is the effective mass of the mode. At high tem-
peratures, ωk has a relatively smooth dispersion; however
the dispersion, and consequently Dk, develops a sharp
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FIG. 10. (Color online) Comparison of local and nonlocal
models for the dielectric response. The charge density profile
for the two models is shown at temperatures (a) T = 300 K,
(b) 100 K, (c) 50 K, and (d) 10 K with σs = 0.1e/a2. The
first 60 layers of an L = 200 layer thick STO slab are shown.
feature at low T as the mode softens near k = 0.41 From
the properties of Fourier transforms, it follows that the
range of Dizjz is therefore greater at low T than at high
T , or equivalently that the response is more local at high
T . This accounts for the similarity between the two mod-
els at 300 K. The different charge profiles that emerge at
low T indicate that the local dielectric function is more
effective at screening the electric field in regions where
there are strong field gradients.
IV. DISCUSSION AND CONCLUSIONS
The calculations in this work are based on a combi-
nation of two established models: the dielectric proper-
ties of the STO are modeled by a Landau-Devonshire
free energy similar to those used to describe the insulat-
ing parent compound,33,60 while the electronic properties
are described by a tight binding model, similar to what is
done elsewhere.35,61 Unlike conventional semiconductors,
the STO dielectric function is strongly temperature- and
electric field-dependent. This leads to counterintuitive
behavior at STO interfaces; namely, that the electron
gas is more strongly confined at high temperatures and
electron densities than at low temperatures and electron
densities. Consequently, our calculations make predic-
tions that differ from commonly held views regarding the
electron distribution in STO interfaces.
The conventional view is that the electronic properties
are dominated by quantum 2D states, and indeed exper-
iments find that the majority of the charge is bound to
within ∼ 10 nm of the interface.34,62–64 Measurements
of the nonlinear Hall coefficient have been modeled by
two occupied sub-bands: a low-mobility band containing
most of the conduction electrons, and a high-mobility
band containing a minority of carriers. The mobilities
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of the two components vary from sample to sample, and
may differ by orders of magnitude.27–31 While the two-
band interpretation is conceptually useful, it has been
noted that inconsistencies within the two-band analy-
sis suggest a more complicated band structure.30 At low
electron densities, the picture is clearer: experiments
have found a Lifshitz transition near electron densities
of 1.5 × 1013 cm−2,30 which is slightly above the metal-
insulator transition at ≈ 1013 cm−2. Below the Lifshitz
transition, the magnetic field-dependence of the Hall re-
sistivity is linear, indicating that only a single band is
occupied.
In contrast, the results reported in this work find a
large number of occupied bands at all doping levels, sim-
ilar to previous calculations.34–37 A significant fraction
of the occupied bands corresponds to the quasi-3D tail
states that extend hundreds of unit cells into the STO
substrate. While the fraction of charge contained in the
tails is small at high electron densities, it is over 50% at
low electron densities (Fig. 2). Perhaps more interest-
ingly, we have found a strong temperature dependence
to the charge distribution at intermediate electron den-
sities, with a pronounced shift of charge into the tails as
T is lowered. The general trend that the charge spreads
out as T decreases was observed experimentally;34 how-
ever, experimental confirmation of quasi-3D tails remains
lacking. Indeed, direct observation of the tails may be
difficult because, except at the lowest doping levels, the
electron density n(z) in the tails is at least an order of
magnitude smaller than in the 2D component of the elec-
tron gas (Fig. 2).
The tails may be most relevant to transport experi-
ments, since interfacial disorder (eg. cation intermixing)
is thought to severely reduce the mobility of 2D states
near the interface. A proper comparison between the-
ory and experiment requires a detailed disorder model,
which is beyond the scope of this work. Nonetheless,
we can make a few simple observations based on a crude
model for the mobility µn of the first few bands (n = 1xy,
1xz/yz, 2xy). This model assumes that interfacial dis-
order (eg. cation intermixing) is the dominant scatter-
ing mechanism and that interband scattering can be ne-
glected. These assumptions break down at low doping,
first because the interband spacing becomes less than the
scattering rate, and second because low-lying bands be-
come part of the 3D continuum and are therefore subject
to scattering by defects in the STO substrate. The model
is also limited because it provides no information about
the mobility of the 3D tails. For qualitative purposes,
however, we can assume that the tails behave similarly
to bulk STO.
The simplest ansatz is to take a quenched disorder
model in which the Ti site potentials in the first λ STO
layers adjacent to the interface are chosen from a random
box-distribution of width W . Experimentally, cation in-
termixing is found to extend over a few unit cells,42 and
for concreteness, we arbitrarily takeW = 1 eV and λ = 2;
however, the qualitative results do not depend strongly
10-3
10-2
10-1
h_  /
τ n
 
 
(eV
)
1xy
2xy
1xz
10-2
10-1
10
102
103
µ n
 
 
(cm
2 V
-
1 s
-
1 )
10
102
0.1 1
σ
s
  (e/a2)
0
0.1
0.2
0.3
Ch
ar
ge
 F
ra
ct
io
n
10 100
T  (K)
0
0.1
0.2
(a) (b)
(c) (d)
(e) (f)
T=10K σs=0.1e/a2
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states as a function of (a), (c), (e) 2D charge density at fixed
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ing comes predominantly from interfacial disorder (eg. cation
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in this figure.
on this choice. Within a Born approximation the electron
lifetime τn in band n is
~
τn
=
√
mx,nmy,nW
2a2
24~2
λ∑
iz=1
|Ψizα,n|2, (20)
where mx,n and my,n are effective mass components for
band n. The mobility for transport in the x-direction
is µn = eτn/mx,n. The absolute values of the mobility,
which depend on our arbitrary choice of W , are not espe-
cially meaningful; however, the trends with doping and
temperature shown in Fig. 11 are.
Equation (20) shows that individual bands’ scatter-
ing rates depend on the projected band weight |Ψizα,n|2
onto layers adjacent to the interface. Two clear trends in
Fig. 11, namely that µn increases when either σ
s or T is
reduced, can be traced back to shifts of the band weight
away from the interface (recall, for example, Fig. 6). Sim-
ilarly, Fig. 11 shows that at fixed T and σs the mobilities
of different 2D bands may differ by an order of magni-
tude or more because of they have different band weights
at the interface.
While significant, the differences in mobilities between
bands that are shown in Fig. 11 are much less than the
three orders of magnitude difference between high- and
low-mobility electrons reported in Refs. 29 and 31. Those
experiments instead suggest that the two electronic com-
ponents live in different environments. With this in mind,
we speculate that the low-density high-mobility compo-
nent of the electron gas observed over a wide range of
electron dopings,27–31 may in fact correspond to the 3D
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tails in our calculations. These tails have very little over-
lap with the interface, and the scattering of conduction
electrons will be determined by the defect density in the
STO substrate. The remaining high-density low-mobility
component of the electron gas then must correspond to
the 2D interface states, whose mobility is limited by in-
terfacial disorder. We point to three experimental ob-
servations that are broadly consistent with this proposed
scenario:
• First, our calculated charge densities in the inter-
face and tail regions roughly correspond to the ob-
served fractions of low and high mobility charges.
Ref. 31 reports that for high electron densities, the
high-mobility component of their electron gas com-
prises less than 10% of the total electron density,
while Ref. 28 found that at intermediate densities
the high-mobility component contains a third of the
total electron density. Similarly, Fig. 2 shows that
the fraction of the total charge in the tail region
at 10 K rises from less than 10% at high electron
density to roughly 50% at intermediate density.
• Second, the predicted temperature dependence of
the mobility is qualitatively consistent with avail-
able experiments. At intermediate electron den-
sities, Ref. 28 found that the conductivity of the
high-density component is nearly independent of
T (up to 30 K), while the conductivity of the low-
density component drops by an order of magnitude.
Similarly, Fig. 11 shows that the mobilities of the
interface states are almost constant between 10 K
and 30 K, owing to modest changes in the confine-
ment of their wavefunctions to the interface. Con-
versely, we expect the tail states to exhibit a strong
temperature-dependence, assuming that they fol-
low the behavior of bulk STO.65,66
• Third, at low electron densities, Ref. 30 argued that
the electrochemical potential is pinned to the bot-
tom of a heavy band that acts as a charge reser-
voir. They speculated that this reservoir consists
of interfacial dxz/yz bands; however, our calcula-
tions find that at 10 K the electrochemical poten-
tial is pinned to the bottom of the quasi-3D tail
bands (Fig. 7). Because the density of states in the
tails is extremely high compared to the 2D inter-
face states, we argue that the tails provide a more
natural explanation for the observed charge reser-
voir.
We note that there are open questions that are not
addressed by the simple arguments presented here. Our
model does not predict the Lifshitz transition observed by
Ref. 30 at low electron density, for example. Instead, the
1xy band in our calculations continuously merges with
the 3D continuum as the electron density is lowered. We
do not know the reason for this discrepancy, although
our neglect of spin-orbit coupling, which is known to be
important at low doping, is an obvious candidate. It is
also not yet clear whether the multiple occupied bands
predicted by our calculations are consistent with the two-
band interpretation of transport coefficients; in partic-
ular, a proper calculation of magnetoresistance with a
qualitatively accurate disorder model is required to un-
derstand the extend to which our model is compatible
with experiments.
Finally, we remark that our calculations have impli-
cations for the superconducting state that has been ob-
served at STO interfaces. This state has been shown to
be 2D, with a characteristic thickness of ∼ 10 nm in-
ferred from measurements of the critical magnetic field
anisotropy.62 While this naively seems to contradict the
prediction of quasi-3D tails that extend hundreds of unit
cells into the bulk, we note that bulk STO is super-
conducting for 3D electron densities between 6 × 10−4
and 2 × 10−2 electrons per unit cell,14 such that the
lowest density regions of the tail region are not ex-
pected to be superconducting. For our “typical” case
of σs = 0.1e/a2, Fig. 2(b) suggests that superconductiv-
ity extends roughly 30 unit cells into the STO substrate,
in agreement with experiments.
In summary, we have explored the temperature- and
doping-dependent band structure of model STO inter-
faces. The calculations presented in this work suggest
a significant role for quasi-3D tail states, contrary to a
widely held perception that the interfaces are dominated
by 2D states. These tail states extend hundreds of unit
cells into the STO substrate, and are extremely sensistive
to both electron doping and temperature. We have shown
that photoemission experiments can be used to probe the
temperature-dependent band structure; however, the tail
states exist far from the interface and are therefore in-
visible to ARPES. We speculate, however, that the tail
states are key to understanding transport experiments,
and have provided some qualitative evidence to support
this idea.
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Appendix A: Fitting the dielectric model to
experiments
In this appendix, we outline the process by which the
model parameters were fitted to experimental measure-
ments of the field- and temperature-dependent dielectric
susceptibility
χij(T,E) =
1
0
∂Pi
∂Ej
, (A1)
where i and j label unit cells. For a uniform electric
field, the polarization and normal coordinate u are also
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FIG. 12. (Color online) Comparison of the uniform dielectric
susceptibility χ(T,E) to the experimental results of Dec et
al.67 Symbols are experimental data, solid lines are theory.
Results are shown as a function of temperature for different
electric field strengths.
uniform, and from Eq. (11),
χ(T,E) =
Q
0a3
∂u
∂E
(A2)
From Eq. (13), we then obtain
Dq=0u+ γu
3 = QE, (A3)
where Dq=0 =
∑
j Dij . Differentiating Eq. (A3) with
respect to E, we obtain
χ(T,E) =
Q2
0a3
1
Dq=0 + 3γu2
, (A4)
where u is obtained from Eq. (A3).
Dec et al.67 showed that the zero-field dielectric sus-
ceptibility can be fitted empirically by
χ(T, 0) =
(
T0
TQ
)ξ
(A5)
where T0 is a constant and TQ = Ts coth(
Ts
T ) is the quan-
tum analogue of the temperature: when T  Ts, TQ → T
and when T  Ts, TQ → Ts. We note that ξ was found
to be 2 at low temperatures and 1 at high tempera-
tures; to reduce the number of fitting parameters, we
take 1 < ξ < 2 to be constant over the entire temper-
ature range. This improves the quantitative fit to the
data, but means that we do not reproduce the correct
critical exponents at low T .
Equating Eq. (A5) to Eq. (A4) in the zero-field limit
yields
Dq=0 =
Q2
0a3
(
TQ
T0
)ξ
. (A6)
Reinserting this into Eq. (A4) gives us an equation for
the nonlinear susceptibility at finite fields with the fitting
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FIG. 13. (Color online) Finite-size effects on the electron
density n(z). Results are shown for (a) 300 K and (b) 10 K.
The electron density is given in units of electrons per unit cell.
Results are shown for STO thicknesses of L = 60, 100, and
200 layers. The 2D charge density is σs = 6.5 × 1013 e/cm2
(corresponing to 0.1e/a2). Inset. A zoom-in of the charge
profile at 300K is shown.
parameters Ts, T0, Q, ξ, and γ. We fit this expression to
the experimental data of Ref. 67, and the result is shown
in Fig. 12. The model reproduces the data at both low
and room temperatures and a range of electric fields from
0 V/mm to 500 V/mm with a maximum relative error of
16%. The best fit parameters are given in Table I.
To extend this model to finite q, we take the empirical
expression36
Dq = M [ω
2
0 − ω21e
−(α1q)2
2 − ω22(T )e
−(α2q)2
2 ], (A7)
where M is the reduced mass for the soft mode, ω0,
ω1, and α1 are used to reproduce the measured phonon
dispersion41 at 90 K, and ω2(T ) and α2 are used to
capture the low-temperature phonon dispersion. Equa-
tion (15) for the temperature-dependence of ω2(T ) can
be obtained by setting q = 0 in Eq. (A7) and equating it
to Eq. (A6).
Appendix B: Finite-size effects
Most previous numerical simulations (including DFT
and tight-binding models) have been restricted to a few
tens of STO layers, and it is unclear to what extent they
are affected by the thickness of the STO slab. Figure 13
compares the electron density n(z) inside the STO slab
for different slab thicknesses (L = 60, 100, and 200 layers)
at high and low temperatures. For qualitative purposes,
we can divide the charge profile to two regions: one is
14
close to the interface (z . 10a) and has most of total
charge, and other (z & 10a) contains a long tail that ex-
tends deeply into the STO slab. Near to the interface,
the distribution of charges is nearly identical for all thick-
nesses at 300 K [Fig. 13(a)], and depends only weakly on
thickness at 10 K [Fig. 13(b)]. In contrast, the shape of
the long tail changes with the system size, particularly
at low T . We note, however, that the total amount of
charge in the tail region is roughly independent of slab
thickness.
Density functional theory (DFT) calculations on sys-
tems of up to 30 STO layers18 have shown that the charge
profile near the interface decays exponentially with z, and
that the tails decay algebraically as n(z) ∼ (z − z0)−1.
Figure 13 suggests that the exponential behavior near
the interface is robust, but that the tail is subject to sig-
nificant finite-size effects; indeed, we find that power law
fits to the tails give different results for different system
sizes.
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